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  

1. Use the standard results for r
r

n
2

1!
"  and r

r

n
3

1!
"  to show that, for all positive integers n

r r n n an bn c
r

n
2

1

22
1

12
1

!
" # ! # # #( ) ( ) ( )

 where a, b and c are integers to be determined.
(4)
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_____________________________________________________________________________________
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_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

& v(r + 2)= + 2
r = 1

I can split summation

into 2

+
↓ factor 2 out summation

-Er Summations

21 = n

=
= * (n +112 + 2(zn(n + 1)(2n+ 1)] Sr = (n(n+ 1) I must learn !

r=

Gr2 = Jn(n+ 1)(2n+

1) in the formulae booklet

=2(n +12 + zn(n + 1)(2n + 1) = In

= In 2 (n+ )2 + -n(n+ 1)(2n+ 1)

& factor out Eniu+)

= n(n+ 1)(3n(n+ 1) + 4(2n+1)]

= n(n+[3n + 3n + on + 4)

= n(n +1)(3n + 11n + 4)

En(n+ 1)(3n2 + 11n +4)a = 3 , b = 11
,

c = 4



*P73486A0432*

D
O

 N
O

T W
RITE IN

 TH
IS A

REA
  

 D
O

 N
O

T W
RITE IN

 TH
IS A

REA
  

 
 

 
 D

O
 N

O
T W

RITE IN
 TH

IS A
REA D

O
 N

O
T 

W
RI

TE
 IN

 T
H

IS
 A

RE
A

  
 D

O
 N

O
T 

W
RI

TE
 IN

 T
H

IS
 A

RE
A

  
 

 
 

 D
O

 N
O

T 
W

RI
TE

 IN
 T

H
IS

 A
RE

A

4

  

2. In this question you must show all stages of your working.

 Solutions relying on calculator technology are not acceptable.

 Given that  x = 2 + 3i  is a root of the equation

2x4 – 8x3 + 29x2 – 12x + 39 = 0

 (a) write down another complex root of this equation.
(1)

 (b) Use algebra to determine the other 2 roots of the equation.
(4)

 (c) Show all 4 roots on a single Argand diagram.
(2)

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

a
.

For a quartic ea with form : ax +ba + cx2 + dx + e
,

there are a roots.

There are 3 possibilities
: ↑ real roots

2 real roots and 2 complex roots / Conjugate pair

↑ complex roots 12 conjugate pairs) .

The other complex root must be the complex conjugate of (2 + 3i)

&
flip sign of Imaginary component

2- 3i

b .
(x - (2 -3 : ))(X - (2 +3i))(ax + bx + c)

(x - 2 + 3i)(x - 2 -3i)(ax + bx + c)

(x2- 2x -Six - 2x + 4 +bi +Six -Gi - 9i)(ax + bx + c)

(x - 4x + x - 9( -))(ax + bx + c)

(x2 4x + 13)(ax + bx + c)

ax +bx +(x - 4ax" - 4bx - 4(x + 139x2 + 13bx + 132

(a)x + (b - 4a)x3 + (c - xb + 13a)x + 1 - xc + 13b)x + (13)

compare coefficients with ea above : (1) a = 2

(2) b - 4a =
- 8

(3) C - 4b + 13a = 29

(4) - xc + 13b = - 12

(5) 132 = 39

based off of 111 and (5)
,

a = 2 and 131 = 39

c = 3

C = 3



*P73486A0532* Turn over      

5

  

D
O

 N
O

T W
RITE IN

 TH
IS A

REA
  

 D
O

 N
O

T W
RITE IN

 TH
IS A

REA
  

 
 

 
 D

O
 N

O
T W

RITE IN
 TH

IS A
REA D

O
 N

O
T 

W
RI

TE
 IN

 T
H

IS
 A

RE
A

  
 D

O
 N

O
T 

W
RI

TE
 IN

 T
H

IS
 A

RE
A

  
 

 
 

 D
O

 N
O

T 
W

RI
TE

 IN
 T

H
IS

 A
RE

A

Question 2 continued

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

Sub a= 2 into 12) and solve for b.

b - 4a = - 8

b - 4(2) = - 8

b - 8 = - 8

b = 0

:

Quadratic factor is 2x + 3

find roots

2x2 + 3 = 0

2x2 =
-3

x = -

x = ===

x = + E i
,
-i

C
.

im

X
2+ 3i

Six

> Re

-Six

x2- 3i

/NOT DRAWN TO SCALE
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  

3. The rectangular hyperbola H has Cartesian equation xy = 9

 The point P with coordinates 3
3t
t

,
!
"#

$
%&

, where t ≠ 0, lies on H

 (a) Use calculus to determine an equation for the normal to H at the point P

  Give your answer in the form  ty – t 3x = f (t)
(4)

 Given that t = 2

 (b) determine the coordinates of the point where the normal meets H again.

  Give your answer in simplest form.
(3)

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

a
.

Differentiale rectangular hyperbola ea" w . r . t . 3) :

Xy = 9

y= = 9x

&: - ax2=

sub in paint Pl3t, ) :

13t,)T+
2

Mtangent:
- E

2

Mnormal : t

set up line equ y-y .
= m(X-X1) with m = t

(x,, y . ) = (3+, (

-=
2xt

+y - 3 = t3x - 3+
9

ty - t 3x = 3 - 3t 4

ty - +3x = 3 - 3+
+

f(x) = 3- 3t5

b. Sub t = 2 into normal line ea" :

(2)y - 12(3x = 3 - 31214

2y - 8x = - 45
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Question 3 continued

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

(Total for Question 3 is 7 marks)

solve normal line es" and rectangular hyperbola es" 11 Simultaneously.

(1)2y - 8x = - 45

(2) x y = 9

(2) xy =

9)x2
2xy = 18

18

2y : J

(1) 2y - 8x =45

(b) - 8x = - 45

18 - 8x2= - 45x

8x2 - 45x - 18 = 0

(8x + 3)(X - 6) = 0

X =
- 3 or x = 6

I and solve

↑
This is courd .

P(3t,)1 :P

sub into eitherI
os

xy = 9

y=

y : [30) =
- 24

1 - 8 .
- 24)
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  

4. (i) A = 
!
!
"

#
$

%

&
'

3

3

8

k
            where k is a constant

  The transformation represented by A transforms triangle T to triangle T ′

  The area of triangle T ′ is three times the area of triangle T

  Determine the possible values of k
(4)

 (ii) B BC!
"#

$
%

&

'
( !

#

$
%

&

'
(

a
a

2

4

3

2

1

5

4

1

2
 and   where  is a constant

  Determine, in terms of a, the matrix C
(4)

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

i
.

Ide + (m)l = area scale factor

X = abJc d

def(x) = (a)(d) - (b)(c)

det (A) = ( - 3)(k) - (8)(- 3)

=

- 34 + 24

det (A) = - 3k + 24

Area Scale factor = (de+ (A) 1 = 1 - 3x + 24/

Area of T x 3 = Area of T

3 = 1 - 3n + 24)

3 = - 3k + 24 or 3 = - (- 34 + 24)

34 = 21 3 = 34 - 24

n = 7 34 = 27

k = 9

k = 7 or K = 9
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Question 4 continued

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

ii. Bxc = (BC)

#BC = B" (BC)

: C = B" (BC)

(1) find B" first

x =anc d

def(x) = (a)(d) - (b)(c)

de+ (B) = (a)(3) - (2)(- d)

= 3a + 8

det (B) = 3a + 8

x = Jab ,-

b = - 1 - 4) = 4

- c = - (2) = - 2

B" =

sanoaa

(2)
sub B" matux into C = B" (BC)

C = B" (BC)

Csaroslai

C = 1 (3)(2) + 14(k) (31(5) + (4)(4)(3)(1) + ()(2)-3a + 8 (-2)(2) + (a)(1)(- 2)(5) + (a)()(- 2)() + (a)(2)

C = 1 10Fin3a + 8a-44a- 102a-2
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  

5. f (x) = x2 – 6x + 3

 The equation  f (x) = 0  has roots α and β

 Without solving the equation,

 (a) determine the value of

(α2 + 1) (β 2 + 1)
(4)

 (b) find a quadratic equation which has roots

2 2
 and 

( 1) ( 1)

α β
α β+ +

  giving your answer in the form  px2 + qx + r = 0  where p, q and r are integers to 
be determined.

(6)

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

9 x2- (sum of roots (x + (product of roots) = 0

let < , B be roots of quadratic

x2 - (x + B(x + (B) = 0

sum of roots : x + B

product of roots : GB

x2 - 6x + 3 = 0

x + B = 6

xB = 3

(22+ 1)(B2 + 1) = a B2 + a + B2 + 1

= (B) + (x + B)2 - 2B + 1

= (3(2 + 1612 - 2(3) + 1

= 40

(x2 + 1)(B2 + 1) = 40
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Question 5 continued

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

b .
x2 - (sum of roots) x + / product of roots) = 0

x2 - (a+
+ p , (x + ((a , )x(p , )) = 0

22 - ( x +1 +1) = 0

& S
use ans to part (a)

32 _/B =

2 _/(
&2 _(B)=

x - ((3)(6+ 10(x + ) ,3) = 0

x2 - ( = )x + (% ) = 0

x
2 - Ex + % = 0

x - =x + = =

02 x 40

40x2- 24x + 3 =05 all integer coefficients

40x2 - 24x + 3 =04= 40, 9 = 24, V = 3
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  

6. In this question you must show all stages of your working.

 Solutions relying entirely on calculator technology are not acceptable.

z1 = 3 + 2i  z2 = 2 + 3i  z3 = a + bi  a,b∈

 (a) Determine the exact value of ½z1 + z2½
(2)

 Given that w
z z
z

= 2 3

1

 (b) determine w in terms of a and b, giving your answer in the form x + iy, 
where x, y∈

(4)

 Given also that  w ! "4

13

58

13
i

 (c) determine the value of a and the value of b
(2)

 (d) determine arg w, giving your answer in radians to 4 significant figures.
(2)

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

a
.

(z + z2/

((3 + 2i) + (2 + 3i))

15 + 5 :

+(512 = 52

(z ,
+ zz) = 5

b. W =

zzE = (2)xz3 work out ( first ,
then multiply by E aftera

= /12+3)x labli

multiply top and bottom

- by complex conjugate of denominator

V

Gi3

= 6 -4i + 9i - 6:2

9 - Gi + 6i - 4:2

= 6 - 61- 1) + 5i

9 - 4(- 1)
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Question 6 continued

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

12 + 5i

13

= 12 +5

: (3) = 1+

(12 +5) x labI

= 12a
+12 bi +5ai +bi13

= 12a +5b() +5a+)

= (12a - 5b) + 15a +-

W = / 5b)+b) c5b) ,
y=

C (5b)+b) = + 5

Equate the real components and Imaginary components
:

12a - 5b
= 4 = 129 - 5b = 4(1)

13 13

5a + 126 = 587 5a + 12b = 58(2)

13 13
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Question 6 continued

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

solve () and 121 simultaneously
:

(1) 129 - 5b = 4

(2) 52 + 12b = 58

(1) X 12 144a - 60b = 48

(2) x 5 25a + 60b : 290G

1699 = 338

169a = 338

a =3
a = 2

12a - 5b = 4

12(2) - 56 = 4

24 - 56 = 4

20 = 5b

b = 4

a = 2
,

b = 4

d
. Im

+ + =

↳ arg(w) = tan"()

↑ arg(z) arg(w) = 1 .501939837
Re

3

arg(w) = 1 . 502" las. + .)
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7.      f ( )x x x! " #
3

2
3

 (a) Show that the equation  f (x) = 0  has a root, α, in the interval [1, 2]
(2)

 (b) Starting with the interval [1, 2], use interval bisection twice to show that α lies in the 
interval [1.25, 1.5]

(3)

 (c) (i) Determine f ′(x)

  (ii) Using 1.375 as a first approximation for α, apply the Newton-Raphson process 
once to f (x) to determine a second approximation for α, giving your answer to 
3 decimal places.

(3)

 (d) Use linear interpolation once on the interval [1.25, 1.5] to obtain a different 
approximation for α, giving your answer to 3 decimal places.

(3)

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

a
.

f(1) = (1) + () - 3 = - 1

f(2) = (2) + (2) - 3 = 1 . 828427125

f(x) is continuous and changes sign so
,

C
,

lies in (7 . 2)

1- ) 1 + (
b. 1st interval bisection : 1 + 2

= 1 - 5
↓ I I

2
1 1 . 5 2

f(7 . 5) = (1 . 51
*

+ (1 . 5) - 3 = 0 . 3377773077

1- ) 1 + (
2nd interval bisection :

1 + 1 - 5
: 1 . 25

↓ I I
2

1 1 . 25 1-5

f(1 . 25) = (1 .2513 + (1. 25) - 3 = - 0 . 3529575747

1- ) 1 + (

↓ I

1 . 25 1 . 5

1 . 2591. 75
, snown
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Question 7 continued

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

(i .

f(x) = ec + x - 3

f(x) = Ex = + 1

f(x) == + 1

ii . X1 = 1 . 75

we are looking for X2

Numerical Sols of Eas :

Newton-Rhapson Iteration for solving f(x) = o

Xn + 1
= Xn - f(Xn)

f'(xn)

From Newton-Rhagson Iteration : Xz = X1 - f(x)

f'(X
=

)

(1) must find f(x1) by subbing in X1(1 .75) into f(x)

12) must find f'(x1) by differentiating f(x) and subbing in X11. 75) into f'(x).

(1) +(1375) = (7375/3 + 11 .375) - 3 = - 0 . 07266958256

(2) f'(x) = * + 1

f (1. 375)=5 + 1 = 2 . 75890597

Xz = (1 . 375) -

- 0 . 01266958256

2 . 75890597

Xz = 1 - 379592249

x = 1 . 380(3d. p . )
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Question 7 continued

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

a. Linear Interpolation :

x = af(b) - bf (a) for interval [a , b)

f(b) - f(a)

where < is the root

a = 1 . 25 b = 1 . 5

x = 1 . 25 + (1 . 5) - 1 . 5 f(25)

f (1.5) - f(1 -25)

f(1 .25) = (1 .25(3 + 11 . 25) - 3 = 0 . 3524575147

f(x. 5) = (1.513 + 11. 5) - 3 = 0. 3371173077

x = 1 . 25/0 . 3371173071) - 7 . 5)- 0 . 3524575147)

0. 3371173077 - - 0 . 3524575141

2 = 1 . 377786731

2 = 1 . 378 139 - p. )
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8. The point  P (2p2, 4p)  lies on the parabola with equation  y2 = 8x

 (a) Show that the point Q 
2 4

2p p
,
!"

#
$

%

&
' , where p ≠ 0, lies on the parabola.

(1)

 (b) Show that the chord PQ passes through the focus of the parabola.
(4)

 The tangent to the parabola at P and the tangent to the parabola at Q meet at the point R

 (c) Determine, in simplest form, the coordinates of R
(8)

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

a To show that point Q lies on parabola
,

sub in y = f Into y" = 80
2

and should get x =

B

y2 = 8x

1-8)2 = Be

= 8x

= S

,
snown .

: Pant Q lies on Parabola ,

b
. y2= 8x

y2 = 4(2)x = a = 2

Focus : 19
, 0)

: Fows of parabola : 12 , 01

Find line ea" of chord PQ :

(1) fina gradient (Mpol Gradient : Y2-y , for (X, 3.) and (x2
,
Yz)

x2 - x
,

Mpa = ( + p) - 1-f) = 4p + 5 xp2
=
4p + +p = z(2p3 + 2p) =

2p1) = 20

(202) - 12 2 p2 - =2 xp22pt-2 z(pt - 1) [p2+ 1)(p2 - 1) p2 -1

(2) get up line equ y-y .
= M(X-X . ) with Mpc : pr

(X, y1 ) = (2p2, Cp) =
can pick either point Por Q but

we will pick to for simplicity
y - ap= (x - 2p)

y - 4p = 2 x
4p3

p2 - 1
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Question 8 continued

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

y-4p = 2 x -
2p

y =

pz +
x + (4p- I

20x + /4p(p2- 1) - ap3 &y =

pz + 1 p2 - 1

ye +/-
y= -p line ea PQ

Sub in X = 2
,

y = 0

(0) - 4p = (2)-
- 4p=

4p - 4p2
- 4p =

p2+ 1

- 4 p(p2)
- 4p =

2+ 1

- 4p = - 4p LUS = RIS

Chord PQ passes through focus of parabola

C. (1) Find egh of tangento P :

Differentiate parabola eq" writ . x :

y2 = 8x

2y()=

at

sub in paint
p(2p2, 4p) :

& = 1

202ep 4p P

M
tangent

: T

set up line equ y-y ,
= M(X-X , ) with M=F

(x,, y, ) = (2p2 , xp)

y - 4p = f(x -28)

y - 4p = -x - 2p

y = fx + 2pA
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Question 8 continued

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

(2) Find egh of tangent & Q :

Differentiate parabola eq" writ . x :

y2 = 8x

2y()=

at

sub in paint
Q ,-) :

& == p

- %

M
tangent

: -P

set up line eg" y-y ,
= m(X-X , ) with M =- P

(X,, y, ) =(1)

y -- f = - p(x-)

y + f = - px + 2
2

y = - px -

p A

Solve (1) and (2) simultaneously to find word . R :

(1) y : -x + 2p

(2) y = -px - -

-x + 2p = - px - z
2 x 2

x + 2p2 = - p-x - 2

x + px = - 2p2- 2

x(1 + pz) = - 2(p2+ 1)

x =

-2(+ 1)
= - 2

p+ 1

Sub x = -2Sinto either (7) or (2) to find y

y : f(-2) + 2p= + 2p

RI - 2 , - + 2p)
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9. Prove, by induction, that for  n ∈ , n  2

4n + 6n – 10

 is divisible by 18
(5)

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

8.2 :

Proving Divisibility Results

17) Base Case : check true for n = 2 :

f(2) : 42 + 6(2) - 10

= 18

= 1(8) = divisible by 18

:
true for n = 2

12) Assume true for n = K :

f(r) = 44 + on - 10

13) Inductive step , prove true for n = K + 1 :

f(u+1) = q4
+

+ G(n + 1) - 10

: 14 +

+ 04 + 6 - 10

= 4k+

+ 0x - 4

f(m + 1) - f(x) = (44 +

+ Gn - 4) - (n" + Gu - 10)

= (4(44) + on - 4) - (d + on - 10)

: +(44) +- - 4 - 4" -On + 10

: 3(44) + 6

: 3(4" + Gn - 10) - 184 + 36

= 3 f(n) + 18(2 - k)

f(u+1) - f(u) = 3f(n) + 18(2 - n)

f(u+ 1) = 4 f(n) + 18(2 - 4)

14) Conclusion

If this result is true for n = K
,

then it is true for n = K + 1 . As the result has been shown to be true for n = 2,

then the result is true for all n.


